













































































Randomized Min Cut
















































































Probability Algorithms

Events probabilities
conditional probabilities
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Probability Algorithms
Hash functions

Frequency Estimationa
Universal HashFunctions
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Probability Algorithms

K wise independence Hash tables w

chaininghigher order moments
linear probing

generalizating universal hash
functions and Markov's inequality
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Probability Algorithms

Galton Watson processes Random Contractions

for min cut
















































































Goal disconnect graph by removing min edges
















































































Goal disconnect graph by removing min edges
















































































Global Minimum Cut

Input Connected Undirected Graph

Goal disconnect graph by removing min edges

Also minimum weight cut w edge capacities
















































































Goal disconnectgraph
removingmin ofedg

Global min cut via max flow

For each pair s tell
compute min s t cut

return min Cst cut over all sit
















































































S
















































































S
















































































Goal disconnectgraph
Global min cut via max flow s removingmin ofedg

for each pair stev
compute min s t cut

s

return min s t cut over all sit

Running time
m
told

2 MF min

MF m n time for max flow
w m edges n vertices

Better Augmentingpaths 0am

Fix s try all
Shortest Aug Paths O m n

FattestAugPaths
N MF m n O m mtnlogn loga
















































































Question

Max min cuts in a graph

0 011 62 2011
constant polynomial

not voting10904 n n

21.5 n 6 2
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Randomly Sampling the Min Cut

algorithm

25 60
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Randomized contractions

Input G V E weights CER
capacities

while IE 1

sample eEE in proportion to c

contract e

return set of edges in original graph
contracted to remaining edge
















































































contracting an edge

3
1 2

3 3
0 0 3 0 3

a aware
I e
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combine endpoints into a single vertex

sum capacities of parallel edges
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Randomized contractions

Input G V E weights CERE a a

capacities

while 151 I
2

sample EEE in proportion to c 2 a
2

2
2

contract e 2 2

return set of edges in original graph
4 a

2 3

contracted to remaining edge 2
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Analysis

Fix a min cut Ct

PLoutput C
















































































06s Contracting a non min cut edge
preserves the min cut

2
2 2
















































































We output iff every sampled edge
is not in C

in the contracted image of C

Goal analyze probability that each

sampled edge avoids C

Let D Σ Cce be capacity of min cut
EEC
















































































Lemma Ecce
EEE

Σ aces degeld
CEE
















































































Lemma Ecce
EEE

Lemma let eEE be sampled in proportion
to c Then PrTeeC
















































































Theores PIC returned
2
2
2

Ek event that not sampled
after k iterations

4

want to show P En 2 5 4 3

PrTEz PrTEF
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Recall
Lemma 2 let e E be sampled
in proportion to c

Then PrEeeC
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Recall
Lemma 2 let e EE be sampled
in proportion to C

Then Pree C EE



Question

Max min cuts in a graph

A B
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why

any min cut is output w prob
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Random contractions algo takes Olm time

Rerun algo O n log n times to ensure

success w h p

O mn log n
running time
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Amplification by branching
Instead of restarting at the
beginning restart partway through

High level algorithm

randomly contract until prob of ruining
the min cut is 12

Branch
make two copies of current graph
re curse on both copies
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Amplification by branching
Instead of restarting at the
beginning restart partway through

High level algorithm

randomly contract until prob
E 3 of ruining the min cut is s

4 4 Branch

E 3 E 3 make two copies of current graph
6

re curse on both copies



Highlevel algorithm
randomlycontractuntil prob

3 ofruiningthemin cut is s
4 a a Branch

E 3 at 3 maketwocopiesofcurrentgraph



High level algorithm
4 I randomly contract until prob

E 3 of ruining the min cut is s

Branch
4 I 4 4

make two copies of current graphZ E B
a re curse on both copies6

Claim branching contractions returns min cut

w probability Zociotyn



Claim branchingcontractions returns min cut w prob gn

Need the following fact proved later

N

Z N

3 3

let T complete binary tree of height k

w every edge deleted w prob

Fact PT some leaf connected to root

Galton Watson process



Claim

returns min cut w prob 20cg
300 GaltonWatsonprocess

W

High level idea a 3
let T completebinarytreeof height

model recursive calls as tree w everyedgedeleted w probs12

Fact PTsomeleafconnected to root

nodes subproblems

edges recursive subcalls

delete parent edge of nodes subproblems
that fail before recursive call

Q what is probability of edge being deleted



Fix CA min cut

suppose we contract n k edges
GaltonWatsonprocess

Recall u

Ek event that C not sampled a 3 a

after K iterations let T complete binarytreeof height
w everyedgedeleted w prob 12

Pr Eit Ei l E
Fact PTsomeleafconnected to root
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Claim

returns min cut w prob gn

700 GaltonWatsonprocess

N

High level idea
let T completebinarytreeof height

model recursive calls as tree w everyedgedeleted w prob

Fact PTsomeleafconnected to root

nodes subproblems P En no

edges recursive subcalls

delete parent edge of
nodes subproblems that Prob

fail before recursive call



model recursive calls as tree

nodes subproblems

edges recursive subcalls

delete parent edge of GaltonWatsonprocess

Prob s anodes subproblems that
fail before recursive call i e

let T completebinarytreeof height
w everyedgedeleted w prob

Fact PTsomeleafconnectedto root
N

N

g

height Ollogn
Ennis

3 3

algo correct root to leaf path

Fact prob success 1 log n



Running time
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Running time
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Now we prove the fact

N

Z N

3 3

let T complete binary tree of height k

w every edge deleted w prob

Fact PT some leaf connected to root

GaltonWatson process



GaltonWatsonprocess

pi prob that a particular node a
Σ

at level i has path to a subleaf s s s e

let T completebinarytreeof height1
w everyedgedeleted w prob

Fact PTsomeleafconnected to root
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GaltonWatsonprocess

pi prob that a particular node a
Σ N

at level i has path to a subleaf s s s e

let T completebinarytreeof height1
w everyedgedeleted w prob

Fact PTsomeleafconnected to root
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Piti pill Pig

claim Pk K

Po l p p
3

let 5 x 1 44

f is increasing for x 2

Pkt I



Piti pill Pig

claim Pk K
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f is increasing for x 2
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All put together

High level algorithm
4 randomly contract until prob

E 3 of ruining the min cut is s
Branch

4 4 4

make two copies of current graphE Z E B
a re curse on both copies

OCn'log n time

succeeds w probability R Fgm

repeat Ollog n times to get constant prob




















