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Theorem 5.3. Consider a random graph G ~ G(n,p) for p = c¢/n, where c is a
constant.

1. If ¢ > 1, then with high probability, there is exactly one connected component of
G with Q(n) vertices, and all other components have size < O(logn).

2. For c <1, then with high probability, all connected components of G have size
< O(logn).



Theorem 5.3. Consider a random graph G ~ G(n,p) for p = ¢/n, where c is a
constant.

P *\' ( 1. If ¢ > 1, then with high probability, there is exactly one connected component of
f 00 (o ]V \v\e, C ) \ G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G has size
< O(logn).
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Theorem 5.3. Consider a random graph G ~ G(n,p) for p = ¢/n, where c is a
constant.

P *\' ( 1. If ¢ > 1, then with high probability, there is exactly one connected component of
f 00 (o ]V \v\e, C ) \ G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G has size
< O(logn).
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Lemma 5.5. Let p = (1+¢€)/n fore > 0. Let v € V be a vertex. For all 3 < h < en,
with probability at least 1/h, v has at least 1 + h vertices in its connected component.
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Lemma 5.5. Let p=(1+¢€)/n fore > 0. Let v € V be a vertez. For all 3 < h < en,
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Theorem 5.3. Consider a random graph G ~ G(n,p) for p = ¢/n, where c is a
constant.

P *\' ( 1. If ¢ > 1, then with high probability, there is exactly one connected component of
f 00 O\W \v\e, C ) \ G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G has size
< O(logn).
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models, these graphs — however random — tend to be extremely consistent about certain
properties.

Today we will study the G(n,p) random graph, sometimes called Erd6s-Rényi graphs
based on work by Erdds and Rényi [ ; ]. A random graph from G(n,p) is an
undirected graph over n vertices, where every edge is sampled independently with probability
p. By now there is a large catalog of nontrivial and useful properties that, depending on
p, are almost certain to appear or not appear in such a graph (for sufficiently large n).
Moreover, Erdés and Rényi showed that these properties can vary dramatically with very
small changes in p. Consider the following theorem.

Theorem 2.1. Consider a random graph G ~ G(n,p) for p = ¢/n, where c is a constant.

1. If ¢ > 1, then with high probability, there is exactly one connected component of G
with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G have size
< O(logn).

The parameter ¢ above models the average degree (in expectation). The drama lies in
the fact that a tiny change in the average degree ¢ — from .999 to 1.0001 — flips the qualitative
nature of a typical random graph from one of many tiny components to essentially one
giant component. This is an example of a threshold phenomena; alternatively, a nonlinear
dynamic. Such phenomena is not rare: it occurs in many situations in physics, as well as in
models for epidimiology and social networks. Let us briefly mention — without claiming
to be very precise — that the sensitivity to ¢ gives some motivation for controlling the
“reproductive number” when analyzing and preventing the spread of infectious diseases. The
reproductive number is the expected number of healthy individuals that a sick individual
effects.

We note that further research has obtained a much more refined and detailed under-
standing than stated in theorem 2.1. We refer the reader to | , Chapter 7] for further
details and other results in this area.

We present the proof for ¢ > 1. The second case of ¢ < 1 is left to the reader as
exercise 1.

2.1 Overview of the proof for ¢ > 1

We will prove part 1 of theorem 2.1 in roughly three parts.

Part 1: the gap theorem. Observe that in theorem 2.1 above, regardless of the value
of p, there are simply no “medium”-size components, such as a component of size \/n or of
size n/log(n). The intermediate sizes are ruled out by the following “gap theorem”.

Lemma 2.2. There is a universal constant C' > 0, such that for all € € (0,1), and for all
n > 0 sufficiently large, and p = (1 + €)/n, we have the following. For a random graph
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designed elebarate randomized constructions of graphs and showed that with nonzero
probability, they can possess certain counterintuitive, seemingly impossible properties.
This general approach is now called Ramsey theory. Second, he showed that for
natural random graph models, these graphs — however random — tend to be extremely
consistent about certain properties.

Today we will study the G(n,p) random graph, sometimes called Erdos-Rényi
graphs based on work by Erdos and Rényi [ER59; ERG0]. A random graph from G(n, p)
is an undirected graph over n vertices, where every edge is sampled independently
with probability p. By now there is a large catalog of nontrivial and useful properties
that, depending on p, are almost certain to appear or not appear in such a graph (for
sufficiently large n). Moreover, Erdés and Rényi showed that these properties can
vary dramatically with very small changes in p. Consider the following theorem.

Theorem 5.3. Consider a random graph G ~ G(n,p) for p = ¢/n, where ¢ is a
constant.

1. If ¢ > 1, then with high probability, there is exactly one connected component of
G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G have size
< O(logn).

The parameter ¢ above models the average degree (in expectation). The drama
lies in the fact that a tiny change in the average degree ¢ — from .999 to 1.0001 — flips
the qualitative nature of a typical random graph from one of many tiny components
to essentially one giant component. This is an example of a threshold phenomena;
alternatively, a nonlinear dynamic. Such phenomena is not rare: it occurs in many
situations in physics, as well as in models for epidimiology and social networks. Let
us briefly mention — without claiming to be very precise — that the sensitivity to ¢
gives some motivation for controlling the “reproductive number” when analyzing and
preventing the spread of infectious diseases. The reproductive number is the expected
number of healthy individuals that a sick individual effects.

We note that further research has obtained a much more refined and detailed
understanding than stated in theorem 5.3. We refer the reader to [Bol98, Chapter 7]
for further details and other results in this area.

We present the proof for ¢ > 1. The second case of ¢ < 1 is left to the reader as
exercise 5.1.

5.2.1 Overview of the proof for ¢ > 1
We will prove part 1 of theorem 5.3 in roughly three parts.
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