

























































Random Sums and Graphs




























































Probability Algorithms

Events probabilities
conditional probabilities

Approx 3 SAT

sina.i.IEiiiiiii.it

qyygy2

gffngffgg.gsgdg
let 4 4 InL

satisfied

mm E z zE21x t E21 1 5Union bound ETY 78 1 clausecase

ET s EI Y ETY18m eitherE21x t or E21 15 is E Z

Random variables

expected value randomdivideandconquer I
im i.iiiiiiiiiiiiii iiiiiiiiii.mniEelemiscomparedwith

linearity of expectation iii if L if tween

am if iiiiiiiiiiii.it
i

spit a pivotsorted nowanalyzeEX inisolation

iiMarkov's inequality
nickselect HW0




























































Probability Algorithms
Hash functions
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Probability Algorithms
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Probability Algorithms

Random ContractionsGalton Watson processes
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Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component




























































Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component




























































Flip 100 coins

50 come up heads

Should you be surprised

Maybe a little I 8 chance




























































Flip 100 coins

O come up heads

Should you be surprised

Absolutely Foo chance




























































Flip 100 coins

125 come up heads

Should you be surprised

Yes I 2.818 10
7




























































Flip 10 coins

I 4 come up heads

Should you be surprised

No I 37.7




























































Flip 1000 coins

140 come up heads

Should you be surprised

Yes I 1 364 10
10
probability




























































10 coins 1000 coins

14 heads 140 heads

I 37.7 1.364 10
10
prob

scale matters




























































Concentration phenomena

let X m X E 10,17 be independent

µ ETX tmt Xn

Q probability that

X t Xn is close to m
multiplicatively

A error probability exponentially small in M




























































Multiplicative Chernoff bound

let X m X E 10,17 be independent

µ ETX tmt Xn

EECO 1

PIX tmt Xn item I e M3

PIX tmt Xn ICI e m I e Ema

proof at end if time permit




























































Lecture 4 last Thursday

Probability Algorithms results

Multiplicative Random graphs
Chernoff Bound the giant component




























































Erdos Rényi graphs Gln p class

n vertices

each edge sampled independently

w probability p

Q what does such a graph
look like

does it consistently have

certain properties










































Erdos Rényi graphs Gln p
n vertices

each edge sampled independently
w probability p

threshold phenomena




























































Proof outline 1

Gap theorem let p HE n w high probability

all components have size
small component large component

0C or R en

Existence of large component

Uniqueness of large component




























































Gap theorem let p lte n w high probability
all components have size

I 011821 or In Er

Setup
fix vertex V

let CW EV connected component of v

iffy

to analyze ca imagine
revealing Clv w a search algo
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Six vertex V CA EV connected component of v

Search algo

A vertices known to be in CC initially A v3

B explored vertices initially 13 0

while there is a vertex Vie AIB
add all neighbors of v to A

add V to B

m




























































Indexed version of Search algo

Ai vertices known to be in ca after i iter
Ao v3

BE explored vertices after i iterations Boo

1 For i 1,2 m until Ai B
a Let vie Ai I Bit
6 Ai Ai UNLV

c Bi Bi g U vi




























































Ai verticesknowntobein ca after i iter

BE exploredvertices after i iterationsObservation 1
1 For i 1,2 m until Ai B

algo terminates if I Ail i a Let vie Ai it Bit
6 Ai Ai UNLV
c Bi Bi U vi

Observation 2 Hit Ai U Sit

where Sit samples each re VIA independently

w probability p




























































Observation 1 algo terminates if I Ail i

Observation 2 Ait Ai U Sit
where Sit samples each re VIA independently
w probability p

1 For i 1,2 until A B 1 For i 1,2 until Aiki
a Let Vie Ai I Bit a Let Si randomly sample
6 Ai Ai UNLV VIA w probability p
c Bi Bi gu vi b Ai Ai ius

equivalent




























































Gap theorem let p lte n w highprobabilit
let if all componentshave size 101121 or Zn en

Multiplicative Chernoff boundLemma 1 ELIA I Ite i let X m X E10,17 be independent

µ ETX tmt Xn EECO1

PIX tmt Xn I CI em I e E'm

1 For i 1,2 until IAik
a Let Si randomly sample
VIA w probability

b Ai Ai iOS




























































Gap theorem let p lte n w highprobabilit
let if 4 all componentshave size 101121 or Zn en

Multiplicative Chernoff boundLemma 1 ELIA I Ite i let X m X ETO17 be independent

µ ETX tmt Xn EECO1

Lemma 2 pfxitmtxn.sc em I e EM

PIA I E e
Ei 8 2 For i 1,2 until lait

a Let Si randomly sample
VIA w probability

b Ai Ai iOS




























































Gap theorem let p lte n w highprobabilit
let if all componentshave size 101121 or Zn en

Multiplicative Chernoff boundLemma 1 ELIAN Ite i let X m X ETO17 be independent

µ ETX tmt Xn EECO1

Lemma 2 pfxitmtxn.sc em I e EM

PIA I E e
Ei 8 2 For i 1.2m until lait

a Let Si randomly sample
VIA w probability

for iz 32 log n E DE Ia b Ai Ai iOS

by union bound over 32109h Eisen

p 3219111A LET IF




























































Proof outline c l

Gap theorem let p lte n w high probability

all components have size

1011921 or In Em

Existence of large component

Uniqueness of large component

























































Existence of largecomponent




























































Last time

w

a 3h
3 3 E

let T complete binary tree of height h
W every edge deleted w prob 12

Fact PT some leaf connected to root 7th
GaltonWatson process




























































let T complete k ary Tree of height h

w every edge deleted w prob

Fact PT some leaf connected to root

Galton Watson process




























































let T complete k ary tree of height h
w everyedge deleted w probs K

Equivalent process Fact PTsomeleafconnected to root 2ht
GaltonWatsonprocess

start w population of size 1

Each generation each individual flips k coins

W prob k of heads

total heads gives size of next generation

Fact PTsurviving h generations ht

























































Recall search algo
let T complete k arytree of height h

conditional on Ai g Ish w everyedgedeleted w probs k

Fact PTsomeleafconnectedto.IE1 IpIhs
Ai Air is like sampling 1 For i 1,2 m until AFB

n h the children each a Let vie Ai it Bit
6 Ai Ai UNLV

w prob p a E c Bi Bi w vi

surviving h generations tail i t ish
or reaching IAith




























































Proof outline c l

Gap theorem let p lte n w high probability

all components have size

1011921 or I R En

Existence of large component

Uniqueness of large component




























































Uniqueness of large component

Imagine sampling G Cn p as

sample G n 12 p

sample Gz n12 p
combine G and G

Sample cross edges




























































Multiplicative Chernoff bound

let X m Xn C 0,1 be independent

µ ETX tmtXn

EE 0,1

P X tmtXn CHEM e
8 3

P X tmtXn 1 e M e EMA

proof at end if time permit



































































models, these graphs – however random – tend to be extremely consistent about certain
properties.

Today we will study the G(n, p) random graph, sometimes called Erdös-Rényi graphs
based on work by Erdös and Rényi [ER59; ER60]. A random graph from G(n, p) is an
undirected graph over n vertices, where every edge is sampled independently with probability
p. By now there is a large catalog of nontrivial and useful properties that, depending on
p, are almost certain to appear or not appear in such a graph (for su�ciently large n).
Moreover, Erdös and Rényi showed that these properties can vary dramatically with very
small changes in p. Consider the following theorem.

Theorem 2.1. Consider a random graph G ≥ G(n, p) for p = c/n, where c is a constant.

1. If c > 1, then with high probability, there is exactly one connected component of G

with �(n) vertices, and all other components have size Æ O(log n).

2. For c < 1, then with high probability, all connected components of G have size

< O(log n).

The parameter c above models the average degree (in expectation). The drama lies in
the fact that a tiny change in the average degree c – from .999 to 1.0001 – flips the qualitative
nature of a typical random graph from one of many tiny components to essentially one
giant component. This is an example of a threshold phenomena; alternatively, a nonlinear

dynamic. Such phenomena is not rare: it occurs in many situations in physics, as well as in
models for epidimiology and social networks. Let us briefly mention — without claiming
to be very precise — that the sensitivity to c gives some motivation for controlling the
“reproductive number” when analyzing and preventing the spread of infectious diseases. The
reproductive number is the expected number of healthy individuals that a sick individual
e�ects.

We note that further research has obtained a much more refined and detailed under-
standing than stated in theorem 2.1. We refer the reader to [Bol98, Chapter 7] for further
details and other results in this area.

We present the proof for c > 1. The second case of c < 1 is left to the reader as
exercise 1.

2.1 Overview of the proof for c > 1

We will prove part 1 of theorem 2.1 in roughly three parts.

Part 1: the gap theorem. Observe that in theorem 2.1 above, regardless of the value
of p, there are simply no “medium”-size components, such as a component of size

Ô
n or of

size n/ log(n). The intermediate sizes are ruled out by the following “gap theorem”.

Lemma 2.2. There is a universal constant C > 0, such that for all ‘ œ (0, 1), and for all

n > 0 su�ciently large, and p = (1 + ‘)/n, we have the following. For a random graph
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designed elebarate randomized constructions of graphs and showed that with nonzero
probability, they can possess certain counterintuitive, seemingly impossible properties.
This general approach is now called Ramsey theory. Second, he showed that for
natural random graph models, these graphs – however random – tend to be extremely
consistent about certain properties.

Today we will study the G(n, p) random graph, sometimes called Erdös-Rényi
graphs based on work by Erdös and Rényi [ER59; ER60]. A random graph from G(n, p)
is an undirected graph over n vertices, where every edge is sampled independently
with probability p. By now there is a large catalog of nontrivial and useful properties
that, depending on p, are almost certain to appear or not appear in such a graph (for
su�ciently large n). Moreover, Erdös and Rényi showed that these properties can
vary dramatically with very small changes in p. Consider the following theorem.
Theorem 5.3. Consider a random graph G ≥ G(n, p) for p = c/n, where c is a
constant.

1. If c > 1, then with high probability, there is exactly one connected component of
G with �(n) vertices, and all other components have size Æ O(log n).

2. For c < 1, then with high probability, all connected components of G have size
< O(log n).

The parameter c above models the average degree (in expectation). The drama
lies in the fact that a tiny change in the average degree c – from .999 to 1.0001 – flips
the qualitative nature of a typical random graph from one of many tiny components
to essentially one giant component. This is an example of a threshold phenomena;
alternatively, a nonlinear dynamic. Such phenomena is not rare: it occurs in many
situations in physics, as well as in models for epidimiology and social networks. Let
us briefly mention — without claiming to be very precise — that the sensitivity to c
gives some motivation for controlling the “reproductive number” when analyzing and
preventing the spread of infectious diseases. The reproductive number is the expected
number of healthy individuals that a sick individual e�ects.

We note that further research has obtained a much more refined and detailed
understanding than stated in theorem 5.3. We refer the reader to [Bol98, Chapter 7]
for further details and other results in this area.

We present the proof for c > 1. The second case of c < 1 is left to the reader as
exercise 5.1.

5.2.1 Overview of the proof for c > 1

We will prove part 1 of theorem 5.3 in roughly three parts.
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