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Chapter 6

Randomized Rounding

Many of the problems we are interested in are inherently discrete, and unfortunately
many discrete problems are NP-Hard. One general class of problems in this category
is integer programs (IPs), which are mathematical optimization problems where the
variables are required to be integers.
One example is a covering integer program, which is an optimization problem of
the form
n
minimize Z CjTj
j=1
over x € Z>g (6.1)

n
s.t. ZAij'Tj Z bz for i S [m],
j=1
where A € RZ(™, b € RYy, and ¢ € RY,. Here, each variable z; € Z, models a binary
decision. Each ¢; can be interpreted as the cost of taking x; = 1. For ¢ € [m], the
constraint

j=1

is a covering constraint, saying we must set x; = 1 for enough variables x; so that the
sum of A;; over these variables is at least b;.

The special case where c =1, b = 1, and A € {0,1}"™*" describes the set cover
problem. There the coordinates j € [n] correspond to sets, and the coordinates i € [m]
correspond to points; set j covers point ¢ iff A;; = 1.

Besides covering integer programs, there are also packing integer programs, which
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are maximization problems subject to packing (i.e., <) constraints, of the form

n

maximize Z by,
=1

over y € Z%,

st Y Ayy; < ¢ for i€ [m]
=1

where A € RY;™, b € RY, and ¢ € RZ,,. Here each b; can be understood as the “profit”
of taking y; =1, and we want to maximize the total profit. We are constrained by
the n packing constraints. The knapsack problem is a special case of the covering
integer programs where m = 1.

In general, integer programs maximize or minimize a set of integer variables
over a linear objective, subject to linear equality and inequality constraints.! The
basic appeal of integer programs is that they are very flexible for modeling discrete
optimization problems. Unfortunately, their broad applicability also makes them
NP-Hard.

Integer programs are NP-Hard because the output is required to be discrete. If
we allowed the variables to vary continuously over the reals, we instead have a linear
program (LP). For example, the following describes a linear program for covering
problems similar to the covering integer program above. This time, however, each
variable z; is allowed to take any nonnegative value.

n
minimize Z CjT;
=1

n
over z € RY,

st Y Ayx; > b; for i € [m].

i=1

Note that any solution feasible to the CIP (6.1) is also feasible for the LP above. As
such, the LP is said to be a relazation of the CIP. It implies that the optimum value
of the LP is less than or equal to the optimum value for the integer program.
Unlike integer programs, linear programs are polynomial time solvable (!). This
allows for the following general approach to discrete optimization: given an IP

nteger programs may have both packing (i.e., Az < b) and covering (i.e., Az > b) constraints.
“Packing integer programs” and “covering integer programs” refer to the special case that have only
packing constraints or only covering constraints, respectively.
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formulation of the problem, instead solve the corresponding LP. The LP provides
a fractional solution satisfying the same constraints, which we can treat as a clue
towards a good integer solution. The goal becomes to convert the fractional solution
to an integer solution, while maintaining feasibility and the objective value. There
are several strategies to round a fractional solution to an integer solution and they
are covered in courses on approximation algorithms (e.g., | ; ). We will
study a technique called randomized rounding.

In this chapter, we will use randomized rounding to obtain approximation algo-
rithms for max SAT (section 6.1), set cover (section 6.2), and CIPs (77?).

6.1 SAT

Recall the max-SAT problem from chapter 1: given a boolean formula f(zy,...,z,)
in CNF, the goal is to find an assignment of z,...,x, to {t,f} that satisfies the
maximum number of clauses. There we showed that a random assignment gives a
7/8-approximation for 3-SAT. Moreover the algorithm can be derandomized, and the
approximation factor is best possible unless P = NP.

More generally a random assignment gives a (1 — 27%) approximation for k-SAT,
for any k € N. The following table lists the approximation factors for the first few
values of k.

oblivious APX
1/2
3/4
7/8
15/16
31/32

Uk W N~/

k 1—1/2*

The approximation factor gets better and better as k increases. Meanwhile, the first
row — k = 1 — is rather embarrassing, since 1-SAT is trivial. 2-SAT is not as
trivial but there is a polynomial time algorithm for this problem as well. So oblivious
rounding is not so great for very small values of k.

This is relevant as we now consider the more general form of max-SAT, where we
are given a formula in CNF where each clause can have any number of clauses. We
can still apply our oblivious randomized algorithm that flips a coin for every variable.
If every clause had at least k variables, then we obtain a 1 — 1/2* approximation ratio.
But the presence of single-variable clauses — which one might expect to cause the
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least trouble — means we only have a 1/2-approximation ratio in general. We will
use linear programming to improve the approximation ratio.

An integer program for SAT. We first translate max-SAT to an integer program.
Fix a formula f(z,...,z,) of n variables, consisting of m clauses C1,...,C,,. Let
OPT denote the maximum number of satisfiable clauses. Let “z; € C;” indicate
that the symbol z; appears in C; (without negation) and “z; € C;” indicate that z;
appears in Cj.

Consider now the following integer program.

maximize »  z; over y € {0,1}", z € {0,1}"
i=1
st. Y. yi+ >, (1—y;) >z for all clauses C;.

j:ijCi j:i'jeci

The integer program has {0, 1}-variables for each variable z; and each clause C;, with
the following interpretations.

1. For j = 1,...,n, let y; € {0,1} indicates whether we set x; =t (y; = 1) or
z; =1 (y; =0).

2. For i = 1,...,m, let z; € {0,1} indicate whether we satisfy the ith clause
(z; =1) or not (2, =0).

The integer program seeks to maximize the number of satisfied clauses, represented
by >, z;. For each clause C}, the corresponding constraint implies we can only set
zi = 1if y; = 1 for some z; € C; or y; = 0 for some z; € C;.

A linear program for SAT. As discussed, while we cannot solve integer programs
in polynomial time, we can solve linear programs. We relax the integer program above
to a linear program by now allowing each variable y; or z; to lie anywhere in the
interval [0, 1].

m
maximize Zzz OVET Y1y .-y Yny 215+ Ym € R
i=1
s.t. Z y; + Z (1 —y;) > 2 for all clauses C;
j:ijCi j:fjeci

0<z;<lforali=1,...,;m
0<y;<lforallj=1,...,n

Let OPT,; denote the optimum value of the LP. Since the LP is a relaxation of the
IP above it, we have OPT,, > OPT.
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Rounding the LP solution. Let y,...,y, and zq,..., 2, be an optimum solution
to the LP. We know that the objective value OPT,, = Y, z; is very good. Our goal
now is to convert the y;’s into discrete decisions while keeping the objective value as
close to OPT,; as possible.

The basic question is: how do we interpret a fractional value such as y; = .57
The LP seems to suggest that we should set x; to be one-half true and one-half false.
Of course the are no half values in boolean algebra and “one-half true and one-half
false” is total nonsense. A different interpretation is that of a randomized experiment
where we set 1 = t half the time, and x; = f the other half. Consider the following
randomized rounding algorithm:

Randomized rounding for SAT

1. Let y1,...,y, be an optimum solution to the LP for max-SAT.
2. For each variable z;, independently, randomly set z; = t with

probability y;, and z; = f otherwise.

Next we analyze the expected number of clauses satisfied by randomized rounding.
By linearity of expectation this boils down to analyzing the probability of satisfying
each individual clause.

Lemma 6.1. Each clause C; is satisfied with probability at least (1 — 1/e)z;.

Proof. A clause C; is not satisfied iff we randomly set x; = f for all z; € C;, and set
x; = t for all z; € C;. Thus

P[C; not satisfied) = [ (1—-y;) [] w-

Jjix;€C; J:z;€C;
Now, by the inequality 1+ = < e (for all z), we can simply the RHS as

e Zj:xjeci ijij:ikeC,-(l*yj) < e

Here the inequality follows from the LP constraint for C;. Finally, by convexity of
e~ ", we have

e < (1—2)e +zet = (1—1/e)z,

as desired. O
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By linearity of expectation, the expected number of clauses that are satisfied
equals the sum of probabilities of each clause being satisfied. Therefore, by lemma 6.1,
we will satisfy at least (1 —1/e) OPT., > (1 — 1/e) OPT clauses in expectation.

Theorem 6.2. There is a (1 — 1/e)-approximation algorithm for maz-SAT.

Note that our bound is only interesting when there are clauses with one or two
variables; otherwise oblivious rounding is still better.

The best of both worlds. Part of the problem is that lemma 6.1 is not tight for
small k. Take for example k = 1. Obviously, if |C;| = 1, then C; is satisfied with
probability z;, not (1 —1/e)z;. For k = 2, we have the following better analysis.

Lemma 6.3. If |C;| = 2, then C; is satisfied with probability > 3z;/4.

Proof. Suppose for simplicity that C; = x1 V xo. (It will be obvious how to generalize
the analysis to other pairs of variables.) We have

P[C; not satisfied] = (1 — y1)(1 — y2) %) ((1 — )+ (1— y2)>2

2
2:\2 o) 0\?2 12
<(1-3) 2a-a(1-3) +5(1-3)
Zi 3
(a) is by AM-GM. (b) is by convexity of f(z) = (1 — %)2 u

Below we list the probability of clause being satisfied by the oblivious and LP
rounding strategies, as a function of the number of variables in the clause, k. Observe
that the average of the probabilities is at least (3/4)z; for all k, as indicated in the
column on the right.

k oblivious LP average
2 3/4 (3/4)z; > (3/4)z;
3 7/8 (1—-1/e)z; > (3/4)z
4 15/16 (1 —1/e)z; > (3/4)z
5  31/32  (1—1/e)z; > (3/4)z
ko 1—1/28 (1—1/e)z; > (3/4)z.
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The table suggests that we might be able to merge the oblivious sampling and LP
rounding algorithms to obtain a 3/4-approximation ratio. But the two approaches
seem like polar opposites: one approach is completely oblivious, and the other strongly
depends on the formula (implicitly via the LP solver). But here’s a trick: just pick
one of the two strategies uniformly at random. The “averaging” will work itself out
in the analysis.

Hybrid algorithm for maz-SAT.

1. With probability 1/2, return a uniformly random assignment.

2. Otherwise solve and randomly round the LP.

Theorem 6.4. The hybrid algorithm gives a (3/4)-approzimation algorithm for maz-
SAT.

We leave the analysis to the reader as exercise 6.1.

6.2 Set cover

In set cover, we are given m points [m] = {1,...,m}, and n sets Si,...,S, C [m].
The goal is to

find the minimum number of sets S;,, ..., S;, such that S;; U---US;, = [m].
Some natural extensions including adding costs for sets, pointwise demands that
require points to be covered by multiple sets, and coefficients A;; € [0, 1] that indicate
the amount of coverage a set .S; gives to point j. These will be considered when we
discuss CIPs later. Set Cover is NP-Hard. Instead we will design an approximation
algorithm for set cover, via randomized rounding.

We first write an LP relaxation for set cover. For each set S; we introduce a
variable z; that models our decision to take S; in our set cover. Consider the following

LP.

n
minimize Z:Uj over z € RY; s.t. Z x; > 1 for all i € [m)].
j=1 S;3i

The objective, 3-7_, x;, is the (fractional) number of sets in our (fractional) set cover.
For each point i € [m], we require at least one fractional set among the family of sets
that cover that point.
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Randomized rounding. Let us consider the following randomized rounding algo-
rithm

1. Let xq,...,x, be an optimum solution to the set cover LP.

2. For each set S, independently, take S; with probability z;.

Let I C {Sy,...,Sn} by the random family of sets produced by randomized rounding.
We have two questions to address:

1. How big is F', relative to OPT?

2. Is F' a set cover?

For the first question, we have

E[|F|| = Y_P[S; € F] = Yz, = OPT,,.

which is very good indeed. Now, is F' a set cover? Fix a point ¢ € [m]. The expected
number of sets covering ¢ is

E[# sets in F covering i| = > P[S; € F] =Y z; > 1.

NEY S;>i

So i expects to have at least 1 set in F' containing it. But this does not imply that F
is a set cover — that F' covers all of [m] simultaneously — with any nonnegligible
probability. A better question is about the probability that F' covers i, or rather, the
probability that F' doesn’t cover i. F' does not cover i iff it fails to sample any of the
sets covering 7, hence

P[F doesn’t cover i) = [[(1—a;) <e 2es;i" <e
S;3i

So each point is covered with constant probability.
The question is: how do we increase the probability that all points are covered,
simultaneously?

Scaling and rounding. The problem above is that having each point covered with
constant probability does not imply that all points are covered with constant, or any
nonnegligible, probability. However, having each point covered with high probability
does imply, by the union bound, that all points are covered with high probability. Now,
how can we ensure that each point is covered with high probability? By scaling up x
before rounding.
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Randomized rounding for set cover.

1. Let xq,...,x, be an optimum solution to the set cover LP. Let o =
2log(m).
2. For each set S; independently, take S; with probability min{1, ax;}.

As before, let F' denote the random collection of sets returned by the algorithm.
Lemma 6.5. Each point i is covered with probability 1 — 1/m?.

Proof. If x; > 1/a for any set S; covering i, then ¢ is covered deterministically.
Otherwise, by similar calculations as before, we have

P[F doesn’t cover i] = [[ (1 —axz;) <e 2 5,5i O <e®=1/m (6.2)

NEY
O
Lemma 6.6. F is a set cover with probability at least 1 — 1/m.
Proof. By the union bound, we have
1
P[F is not a set cover] <> P[F doesn’t cover i < —,
- m
as desired. O]

Theorem 6.7. Randomized rounding is a O(log m)-approzimation algorithm for set
cover.

Proof. We have E[|F|] = 2log(m)OPT, and by Markov’s inequality, |F| <
4log(m) OPT with probability 1/2. F' is also a set cover with probability 1 — 1/m.
By the union bound, with probability of error at most 1/2 4+ 1/m, F is a set cover of
size at most 4log(m) OPT. O

6.3 Covering integer programs

, we consider covering integer programs. They are discrete problems generalizing set
cover, of the form

minimize (c,z) over x € Z%; s.t. Ar > b.
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where ¢ € R%;, A € RY;", and b € RZ;. The matrix notation expands out to the
following.
n
minimize Z CjT;
j=1

n
over z € Z%

st Y Ajx; > b; for i € [m].

Jj=1

We assume without loss of generality that A;; <b; for all 7. (Why?) We also assume
without loss of generality that m is at least some constant; say, 4. (Otherwise add a
few empty constraints.)

The algorithm we analyze is essentially the same as for set cover. We scale up x
by a O(log m) factor, and then randomly round each coordinate of x, independently,

to integer values.

1. Let a = 8log(m).
2. For each j € [n], independently, let

{(om:’j] with probability ax; — |ax;],
Zj =

|ax;| otherwise.

The algorithm is very similar to set cover. However, the coefficients A;; make the
analysis more difficult. For set cover, we were able to give an exact formula for the
probability that a point ¢ is uncovered. (Equation (6.2).) Here it is not so simple, and
we instead appeal to the multiplicative (or relative) Chernoff bound introduced last
chapter.

Theorem 6.8 (Multiplicative Chernoff bounds). Let X,..., X, € [0,1] be indepen-
dent random variables, and € € [0,1]. Let p = E[X; + --- 4+ X,,]. Then

PXi 4+ X, > (1+e)p] < e r/3,
PX,i+ 4 X, <(1—e)p] <er2

IN

The main part of the analysis is to show that a single constraint is satisfied with
high probability, as follows.

Lemma 6.9. The ith constraint is satisfied with probability at least 1 — 1/m?.
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that 7, Ajj[ax;| < 1, since otherwise the constraint is satisfied deterministically.
For each coordinate j, let X; = A;;(2; — |ax;]) for each j. Let p = E{ L Xj].
We have

Proof. By scaling, we may assume that b; < 1, hence A;; < 1 for all 7. We may assume

n n

p=2_ Aijlax; — low;]) > a =} Aijlax;].

J=1 Jj=1

This implies that both

> a(l —ZAijLaij) and > a — 1 > 8log(m).

j=1

We have

P|z fails constraint i | = P | Y A;;z; <1
7=1

=P zn:Xj gl—zn:AijLOéij]

<P

|T_‘;M3|
te
A
LY

By the Chernoff inequality, we have

P} X, < Bl < e--1/a)%/2,
=1 @
Now,
1 1\2 1 1\3 o
—(1—-— > —|1—-- > —>21
2( a)M_2< a)a_él_ og(m)
Thus
1
P|z fails constraint 7] < e~ (-V/a)*u/2 < o=2In(m) _ —,
m
as desired. ]

Theorem 6.10. With constant probablity, the randomized rounding algorithm returns
a feasible solution of cost at most O(In(m)) OPT .
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Proof. By Markov’s inequality, we have

ZC]'Z]' S 2E ZC]'Z]':| =2 OPTLP
J J

with probability of error at most 1/2. Each constraint i is satisfied with probability
of error at most 1/m?.

By the union bound, the probability of z not being a feasible solution of cost at
most 20PT,; is at most

1
+7a
m

N[ —

1 1
5 + Pz fails any constraint] < 5 + > P|z fails constraint ] <
as desired. O

6.4 Exercises

Exercise 6.1. . Complete the proof of theorem 6.4.

Exercise 6.2. Extend the approximation algorithm for set cover to positive costs.
For each set, there is a positive cost ¢; > 0. The goal is to compute the minimum
cost collection of sets that covers all the points.

Exercise 6.3. 1. Design and analyze a deterministic 3/4-approximation algorithm
for max-SAT.?

2. Design and analyze a deterministic (1 — 1/e)-approximation algorithm for set
cover.

3. (Harder) Design and analyze a deterministic (1 — 1/e)-approximation algorithm
for covering integer programs.®

2You may first want to design and analyze a deterministic (1 — 1/e)-approximation algorithm for
max-SAT.

3For CIP’s, unlike set cover, it is not clear how to compute exactly the probability of a constraint
being satisfied by a randomly rounded solution. But you might find a useful upper bound on this
probability by studying the proof of the multiplicative Chernoff bound.
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Exercise 6.4. Consider an instance of (weighted) set cover defined by sets Sy, ..., S, C
[m] and costs ¢; > 0 for each set S;. The goal is to compute the minimum cost collection
of sets covering [m|. We say that solving the LP and then randomly rounding gives a
O(log m) approximation. Here we consider a special case where all the sets are small
and obtain a better approximation factor by a standard extension of randomized
rounding called alterations.

Let A € N be such that |.S;| < A for all j. Consider the algorithm round-and-fix
for which some speudocode is given below. round-and-fix is similar to randomized
rounding and has two stages. The first stage solves the LP and then rounds the
solution scaled up by some factor a« > 1. It is possible that some of the elements
i € [m] may not be covered. In the second stage, we fiz each uncovered element by
(deterministically) taking the cheapest set that covers it.

round-and-fix(sets Si,...,S, C [m], costs ce R%,, a>1)

1. let = € [0, 1]™ solve the set cover LP

2. let F C{Sy,...,S,} sample each set S; independently with
probability min{1, ax;}

3. for each i € [m]

A. if i is not covered by F
1. add the cheapest set covering i to F'

4. return F

Show that for an appropriate choice of «a, this algorithm returns a O(log A)
approximation to the set cover instance (in expectation). (It is possible to get
log A +loglog A + O(1) with care.)

Exercise 6.5. The defining characteristic of LPs is that the objective and all linear
constraints are given by linear functions. It is natural to generalize this notion and
consider mathematical programs where the objective and linear constraints are all
given by low-degree polynomials; say, bounded by a degree d. Let us call these “degree
d polynomial programs”. Linear programs are degree 1 polynomial programs.

Prove that degree d polynomial programs are NP-Hard to solve for d > 3. To this
end, pick a suitable NP-Hard problem, and design a degree 3 polynomial program
that can be rounded to a discrete solution without any loss.
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Exercise 6.6. or CIPs, we could assume without loss of generality that A;; < b,
for all 4,j. (In fact this assumption was critical for applying the Chernoff bound.)
Suppose now that we had AA;; < b; for all ¢, j for a parameter 1 < A < log(n). Design

and analyzing a O(log(m)/\)-approximation algorithm for this setting.
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