













































































Locality Sensitive Hashing
and

Approximate Nearest Neighbors
















































































Lecture 1

Probability Alg
Vents probabilities

orithms

Probabilities

Approx 3 SAT
Bigidea weonlywanttheaverage

LinearityofExpectation 0 otherwise

way p
let Yi I isithclausesatisfied

EXYLEXHETYconditional 2 ÉY clausessatisfied

let y I isithclausesatisfied
o otherwise cismm EEZ FELIX T FELIX funion bound ETY 78 11clausecase

ET YEA IT Y ÉETY 78m eitherETZIX.TTorETZIX.FI isZEE

R dom variablesan

value
Quicksort

Xp Id
p

expectedrunningtimeosanicksort

p element y
III

anesteement

Trixie

compareatosinsman

mm

LÉÉÉIMI Ex total comparisonsmade igelemiscomparedwith
thealgorithmDividesintotwopartslinearity of expectation animism

pivot M pivot ET.g.x.gl averagerunningtime

Markov's inequality
Hw

www.se.ec

sortrecursively ETExi EETxiD.E In Exist
ET peETxi

pivotsorted M pivotsorted

jpjgIgj
ti

nthharmonic

Quickselect
















































































Lecture 2

Probability Algorithms
Hash Functions

Frequency Estimation
Universal HashFunctions

h nok sit forallpairs i seen Heavy Hitters instreams
Prthci hg Et muchweakerthanidealhash

e.g hex Lax6 modp modk
where pprime k h

g

Az hz6 in O m p13unit random
Ashas

Markov's Inequality
h

estimate fi w
Adhd min

j Ind Ajthj.ciMarkov's Inequality specialcases

Let X 20 be nonnegative RV

PrTXZ LEXIE
















































































Lecture 3 d

AlgorithmsProbability

k wise independence

higher order moment

Hash tables w

linear probing
generalizating universal hash

Motions and Markov's in

chaining t

insert

g g ftp.g.EE I MA th Nk
kwiseindependentrandomvariables

doggy mm
h tu ems Importantlemma EIIIIF.ciiiI.eqigy

wise independent

y y ego be4 wiseindependent

eg

ÉÉÉ

is x occupiescelle thenk values vi vanVicent allof these occupied

Phx v hGzvz have tmk andM E X tmtX ThenforB 0 xLex aotaixtazxt tak.pkmodp PrTXitmtxnzmtpystmg.baherepenprime M MMhMMoh MMwww ntM A
















































































job
ability Algorithms

Random ContractionsGalton Watson processes
for min cut

w
a 3k 75 69
3 3 E

g

25 86

minim Ekitilet T completebinarytreeofheightK
w everyedgedeleted w prob 12

Fact PTsomeleafconnectedto root Amplificationbybranching
GaltonWatsonprocess

Randomized contractions
Insteadofrestartingatthe

InputG vE weightscer
while14

capacities

sampleeeeinproportiontoo a
a

beginningrestartpartwaythrough

Highlevelalgorithm
contracte randomlycontractuntilprob

returnsetofedges inoriginalgraph 4 a a
contractedtoremainingedge 3 ofruiningthemincut is s

4
s n a Branch

f I 3 maketwocopiesofcurrentgrap
s
















































































Lecture 5

Probability Algorithms Cresults

Multiplicative Random graphs
Chernoff Bound

the giant component

Multiplicative Chernoff bound
ErdosRényi graphs GenPlet X m X ETO17 be independent n vertices

µ ETX tmt X eachedgesampled independently
w probability p

EECO1

PIX tmt Xn item I e M3

PIX tmtXnI l em I e EM
















































































Lecture 6

Probability orithAlgtechniques MS

Approximations via Max Sat

linear programming Set cover
randomized rounding Covering

Integer Programsnearprograms LPs LPBasedApproximations
modelasIP approximate

solution

I integrateminimax gx aBasedapproximations

my

Éisit Axel É RoundingLPsolution i

sit A116
aread

El satclauses 1 EOPT qqjy xeto.IT m FE si.m.sn I
HMM IEEE

qq.ggg yqgeyrgIIrn i ÉÉÉlinearAzx6 constraints max.E.si

Asx6 overyeahet Minimumsetco
relaxtoo st.E.ect.EEzziEFIFD EXj OPT

to
ausiiii.si

Goalselectksetsse
EEE fix a point i s.IEiiitE

neg

Ehsantoweringp g

t

jiffyspitsratifiedDiscreteContinuous PIFnotcover gI 1xjeesf.toset
overnet

VSoptimization optimization PIFcover i 21 é y I issinse
o otherwise
















































































job
ability Algorithms

Continuous
Distinct ElementsRandom Variables
i is is in is

inVariance Chebyshev's some
coalestimate ofdistinctelementsinthestream

T

X min X heel
h Ems to.IT

d d

EX KIT KCtd 4Variance Reduction letY.m.Yeto.ITindependentanduniformlyrandom
return 1

Median trick w 10 errorprob in OC spaceletYiYear
goalshow X ETX EEygoodprog whatabouthighprobability thenEx E

iiir E 117 EN EN
Phx Ey y

y
oxesVariance foreachelement

returnmedian ofYmy aoxeminex.no

I varix k 7 inequality

ddd

si

takemeanto reducevariance

Q how to reduce Vara

Chebyshev's inequality getconstantproboferror letz correctYi'sEtz q kiteindercopiesTara IM I
8 t'sYi's red

textureTakemedian toamplifysuccessPHXENI a EVay prob exponentially
I notesforqollogn
















































































Lecture 8

Probability Algorithms

Dimensionality
Gaussian

reduction
random variables

Gaussian randomvariables

X NG 62
1 Bagofwords

mean
Iariance literally any sentence is fine

random variable ever

k FaiDef thenicest mostpleasant convenient
tant IEgII.ngjenfgmienIpengish

ETHAN ELAN KHxM

Fact let x NIM07 LEIR Dimensionality Reduction highlevel
then Xtd N Mtd 63 Ollogn dimensions suffice Aijxjr.NOx

Lx N 2M 67 where n points
Fay let x Nlm 514

z e
948

Then X x2 NIMtmz6,762 Ax ark 0,1117
Fact let X NCO1 K's one can map n pointsinto

1130408 e PillAXE KHAICHE
thenEfetx It whilepreservingall distances upto IIe APX
















































































Lecture 9

Probability Algorithms

Locality sensitive Approximate

hashing nearest neighbors
















































































Nearest neighbor search

Input n points PCIRd

Query given gelid find closest point in P to g
















































































Nearest neighbor search

Input n points PCIRd Types of distances

Euclidean distance

11 2112 1947
Angle 72

10 x

Query given gelid find closest point in Pto q
















































































Nearest neighbor search in ID

II
















































































Nearest neighbor search in ID

1 1
1

generalizes to k dimensions w

Kd trees quadtrees Ollogkn time
















































































Locality sensitive hashing

idea hash functions that m

m
















































































Locality sensitive hashing
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Euclidean LSH
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running time is the above quantity times d, since we need O(d) time to hash a query point
or compute the distance between two points.

We can rewrite (1) as
31

p

4k1
k + q

k
n

2
.

Let k = log(n)/ log(1/q) = log(1/n)/ log(q). Then q
k
n = 1, and

k

31
p

4k

= log(n)
log(1/q)n

log(1/p)/ log(1/q)
.

Consider the exponent log(1/p)/ log(1/q): since p > q, this quantity is less then 1.

Theorem 3.3. One can compute a ‡-approximate nearest neighbor w/r/t Euclidean distance
with high probability in Õ

1
dn

fl(‡)
2

randomized time, where

fl(‡) def= log(1/p)
log(1/q) , p

def= 2
⁄ 1

0
(1 ≠ t)f(t) dt, q = 2

‡

⁄ 1

0
(1 ≠ t)f(t/‡) dt,

and f(t) = e
≠t

2
/2

/
Ô

2fi is the density function of the standard Gaussian.

What is fl(‡)? Ask the computer:
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