













































































Geometric Sampling
















































































Probability andtechniques Algorithms

Additive E samples
Chernoff Inequality and E nets

Double sampling

VC dimension
















































































Concentration phenomena

let X m X E 10,17 be independent

µ ETX tmt Xn

Q probability that

X t Xn is close to m
multiplicatively

A error probability exponentially small in M
















































































Multiplicative Chernoff bound

let X m X ETO 17 be independent

µ EFX tmtXn

EECO 1

PIX tmt Xn item I e M3

PIX tmtXnI l e m I e EM
















































































Additive Chernoff bound

let X m X E 10,17 be independent

M ETX tmt Xn In

EECO 1

PEEK ante s e
den

PEtthem e s e
2en

proof at end if time permit
















































































X m XnE 0,1 independent EE 0,1

Multiplicative Chernoff Additive Chernoff

µ ETX tmtXn µ ETX tmtXn n

P x tmtXn CHE M P Ih mte

éE e
2in

P xitmtxn.EC e m PHIEM e

e EMA
28h
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Range Space

P R

points I
ranges
subsets of P
















































































I points in IR B intervals















































































P points in R R all disks















































































P points in R R half spaces
















































































P RTypical queries for re R
points rainges

subsets of

Q is r empty

Q how many points does r contain

Q does r contain E fraction of P
for EECO1
















































































P R
measure Mcr tPf points rainges

subsets of

for QEP let Maer
1

4

high level

Question how big should a random

sample QEP be so that

MQ M
Typical queries for reR
Q is r empty

Q how many pointsdoes r contain

Q does r contain E fraction of
forEECOD
















































































E sample P R
points ringes

Q is an E sample if subsets of

IM r Mcr E E trek

E net

Q is an E net if

MaCr 0 whenever MAZE
Mcr IPI
Mcr 10g

E sample E net
















































































E sample P R

IM r Mcr E E V reR points ringes
subsets of

IQ I E IPI is impossible

w out any assumptions on R

e.g 13 20 all subsets of P

if IQ l e Pl then Q Pl Q has

Mcr IPI
MCG E M 057 0 man 19g

same for E nets
















































































IQ 1 E IPI is impossible w out any assumptions on R

eg R 2P all subsets of p P R
points rainges

subsets of

many natural range spaces cannot

induce nearly all subsets of P

e g cannot cover

only opposite
corners of a square men IPF

w a disk
Mplr

10
















































































IQ 1 E IPI is impossible w out any assumptions on R

PRe.g R 2P all subsets of P

many natural range spaces cannot induce nearly all
points ranges

subsets of

subsets of P

let R1Q rnQ reR for Qep

growth function g IN
IN

gin max IRAQI QEP.IQ En3Mlr tP

MQlr
10

e.g disks have gln 0cm which we prove later
















































































E sample Mair Mcr EE reR
P R

et Q sample k points w repetition points ringes
subsets of

for range reR

Malr x t Xp w X 1 if ith point in r
0 otherwise

P lmaer MCNEE

PT x t Xp Mcr e

2é2Ek
Mlr

1B

Mlr
10

R1Q rnQ reR

the mte PIXIE c m e e 2in gin max IRAQI QEP lakh
















































































E sample IMalr Mcr E E trek
P R

et Q sample k points w repetition points ringes
subsets of

P Imper make E2é2Ek for reR

how many r's

IRA PIE g Ipl

Mcr IPI
Mcr 10g

BAO rna reR

tf zyte Pfitten e se 28h gink max IRAQI aep lakh
















































































E sample IMalr Mcr E E trek
P R

et Q sample k points w repetition points ringes
subsets of

P Imper make E2é2Ék for reR

IRA PIE g IPD

k OCIn g 1PM e4 7

IQ not E sample

E E Pfluger make
692 RERAP mcr left
I gapl e

5k 12 man of
BAQ rn Q reR

Int zyte pffthem e se 28h gink max IRAQI aep lakh
















































































E sample IMalr Mcr E E trek
P R

et Q sample k points w repetition points ringes
subsets of

O nGE E sample
O k 1 forgin noo

w constantprobability

Also exercise

k Of E net w constantprobability

Better men ME
MqCr 10g

BAO rn Q reR

tf zyte petty e se 28h gink max IRAQI aep lakh
















































































E sample IMalr Mcr EE trek
PR

et Q sample k points w repetition points ringes

O E sample k Of E net inconstantprobability
subsets of

E sample theorem V71

kzo 1nG 2k E sample2
w constantprobability

e.g gen O nd

kzO dk d E sample
Mcr IPI
Mph 10g

independent of IPI C
BAQ rna reR

tf mtg petty e se 28h gin max IRAQI aep lakh
















































































E sample hair Mcr IE trek
P R

et Q sample k points w repetition points rainges

O E sample k Of E net inconstantprobability
subsets of

E net theorem HW87

Is 011491214 E net
E w constantprobability

e.g gen O nd

k O dG E net
Mcr IPF
MQG 10g

independent of IPI C
BAQ rnQ reR

Int mtg petty e se 28h gin max IRAQI aeriakn
















































































E sample theorem V71

1s 0 InG
2k

E sample
E w constantprobability

If ideas

Mlr
1B

Mplr
10

R1Q rnQ reR

gin max IRAQI 1QKn

E sample Mair Mcr E

E net Malr 0 µ r

P i t
m e

PI tn
m e

e 28
















































































E sample theorem V71

1s 0 InG
2k

E sample
E w constantprobability

70 let Q sample k points w repetition

define event

Mlr
tP

A EFI µ Cr Mcr E for some r
Mplr

10

R1Q rnQ reR

goal prove P A gink max IRAQI 1QKn

E sample Mair Mcr E

E net Malr 0 µ r

P i t
m e

PI tn
m e

e 28
















































































let Q sample k points
E sample theorem

w repetition k 0
In
19,42

define event

A EFI µ Cr Mcr E for some r

let Q2 sample k points

B EEF Mdr MHI 2 for some r mine

Mplr
10

C GEF µ r Mcr E and R1Q rna reR

gin max IRAQI 1QKn

µz r M Lr 2 for some r
e sample macrominke
E net Malr 0 µ r

P i t
m e

PI tn m e
e 28
















































































E sampletheoremet Q1 Q2 sample Eion
k 0

n 9

A EFI Mlr Mcr E for some r

B GEF Mdr MHI for some r

C GEF µ r Mcr E and Imr mill E forsomer

claim PTA 2PTB

PTB PTC PTA C PICIA PTA
Mlr

1B

PICIA
suppose A µ r MCD E for some

6 Mar 19

R1Q rnQ reR

gin max IRAQI 1QKn

Incr Mcr w prob e sample macrominke

14 r Mar 21mCr Mcr µ D
MHE.net Macro mcr

PI h
m e

E pffhen.es
e
















































































et Q1 Q2 sample k points w repetition E sampletheorem
K 0 99

A EFI µ r Mcr E for some r

B EEF Mdr MHI for some r

PTA 2PTB

goal prove PTB 4

Mar
1B

Mplr
10

R1Q rnQ reR

gin max IRAQI 1QKn

E sample Mair Mcr E

E net Malr 0 µ r

P h
m e

PI tn
m e

e 28
















































































et Q1 Q2 sample k points w repetition E sample theorem

A EFI Mlr Mcr E for some
k 0

n
99

B EEF Mdr MHI for some r

PTA 2PTB

Suppose we generate Q1 Q2 as follows

sample 2k points Qo
Mlr

1B

randomly partition Qo into halves Q1 Q2 main 19

P B P BIQ P Qo
R Q rnQ reR

gin max IRAQI 1QKn

E sampleMar Mcr E

ME PTB.IQ E net Malr 0 µ r

P i t
mte

goal prove PIB Qo Qo pyfeen.es
e
















































































A GEF µ r Mlr E for some r E sample theorem

B EFI Mdr MHI for some r
k 0 99

PTA 2PTB
sample 2k points Qo

randomly partition Qo into halves Q Qz

Fix Qo let Mo measure w r t Qo

IRAQ g 2k min.tt
MQlr

10

Additive Chernoff
R1Q rnQ reR

IP Imir Mdr
E ginkmax IRAQI 1Qkn

E sample Mair Mcr E

PIMIR MONIZE E net Malr 0 µ r

rERAQo p th m e

PI tn
m e

e 28
















































































Union bound

Mcr Mocr 44 Intr Mo r

reR1Qo w prob

rERAQo

1m r Mdr 1m r Mo r lµz r Mo r

Mlr
1B

t
2

main 19

R1Q rnQ reR
Same reR gin max IRAQI 1QKn

SO E sample Mair Mcr E

PTB CEF Mdr MHI for some r
E net Macro mcr

P i t
m e

PI tn
m e

e 28
















































































E sample theorem V71

K 0
n
9,4 E sample

w constantprobability

similar E net theorem HW87

exercise k 0 InG 2k E net
w constantprobability

Mlr
1B

Mplr
10

next question R1Q rnQ reR

gin max IRAQI 1QKnhow to bound gin E sample Mar Mcr E

E net Malr 0 µ r

P i t
m e

PI tn
m e

e 28
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VC dimension
B

points rangesfor QCP R shatters Q if subsets of

RAQ all 2191 subsets of Q

VC dimension of P R

max Q1 sit R shatters Q
















































































for QCP R shatters Q if RAQ all 2191 subsets of Q

VC dimension of P R max Q1 sit R shatters Q

VC dim 3

points in R R intervals
















































































for QCP R shatters Q if RAQ all 2191 subsets of Q

VC dimension of P R max Q1 sit R shatters Q

VC dim 2

LEE

points in R R intervals
















































































VC dim 4

P points in R R all disks
















































































Vc dim 3

8

P points in R R all disks



P points in R R half spaces



Radon's theorem QCIRd.IQ dt2

partition Q S US sit

convex hull S A convex hulks



Radon's theorem QCIRd.IQ dt2

partition Q S US sit

convex hull S A convex hulks

VC dimension dtl



Saner's lemma let P R have VC dim d P R
then points ringes

g n nd subsets of

e g intervals g n m

disks in IR gcn m

halfspaces inRd g n ndt for QCP R shatters Q
RAQ all subsetsof Q
VC dimension of PR
Max Q1sit Rshatters



Saner's lemma let P R have VC dim d P R
then points ranges

gin nd r g r
subsets of

Proof let fld n

h 0 gen fld 0

base cases

co gin 1 f 0in

case n d o fix Q w n 1Q1 pEQ
for QCP R shatters Qlet

Rp r p reR rU p ER r1 p3ER RAQ all subsetsof a
VC dimension of PR

RER per ftp.ER maxlals.tk shatters

RP r p reR
rtp rU p r p r p



let fld n C P R
case n d 0 fix Q w n 1Q1 peQ wlog R RAQ points rainges

subsets of

Rp r p reR rU p ER r p3ER RP r p rel

claim IRP IRP IRI

for ER 3 cases

2 per r p R
reRP

2 pe r r pER 7rERpandreRP
3 per r PER

for QCP R shatters Q
RAQ all subsetsof Q
VC dimension of PR
Max Q1sit Rshatters



let fld n C P R
case n d 0 fix Q w n 1Q1 peQ wlog R RAQ points rainges

subsets of

Rp r p reR rU p3ER r p3ER RP r pirer

IRP IRP RI

Q p Rp has VC d.im d 1

Q p RP has VC dim d

IR Rpl IRP f d i n 1 f d n t

for QCP R shatters Q

hit f
h RAQ all subsetsof a

VC dimension of PR
1 0 max Q1sit Rshatters

E t.EC



f d n



E sample Mair Mcr EE reR
PR

et Q sample k points w repetition points rainges

5 0 E sample k of E net inconstantprobability
sets

E sample theorem V71

K 0
n

9,4 E sample
w constantprobability

e g g n nd for VC dimension d

k O E sample
Mlr IPF

independent of IPI
mar 19St

R1Q rnQ reR

detente PIfhem et.se 2in gin max IRAQI QEP lakh


