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Aristotle: “Nature operates in the shortest way possible.”
William of Occam: “Plurality is never to be posited without necessity.”

Isaac Newton: “We are to admit no more causes of natural things than such
as are both true and sufficient to explain their appearances. Therefore, to the
same natural effects we must, as far as possible, assign the same causes.”

Bertrand Russell: “Whenever possible, substitute constructions out of known
entities for inferences to unknown entities.”

Albert Einstein: “Everything should be made as simple as possible, but not
simpler.”

Richard Feynman: “The truth always turns out to be simpler than you thought.”

The Big Aristotle: “If you don’t stick to simplicity, you’ll die a horrible death.”
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Chapter 13

PAC learning

In this chapter we discuss foundations of learning theory particularly as it relates to
randomized analysis. We start from the consistent learning model, which is appealingly
simple but does not capture generalization error. This leads to the probabilistic
approzimately correct (PAC) learning model, which crucial incorporates randomization
to correct this deficiency. From there we explore the notion of generalization error and
study its correspondence to concentration inequalities that we have already studied.

13.1 The consistency model

In this chapter we are interested classification algorithms that assign labels to unlabeled
data, generally based on previous experience analyzing a limited set of labeled training
data. Instead of the design and analysis of such algorithms, we focus on developing
models that allow us to more sensibly declare if such an algorithm is really “learning”
or not.

Our first model of learning is called the consistency model. Let X denote the space
of all possible examples, also called the domain. We consider binary classification
problems where each x € X is labeled 0 or 1. A mapping ¢ : X — {0,1} from
examples to labels is called a concept. We assume that X is labeled by an unknown
concept ¢ from a known collection of concepts C C 2%, also called a concept class.

The high-level goal is to identify the underlying true concept ¢ given access to a
limited set of data. More precisely, the input concepts of a set of labeled examples

(351791)7 ) (l’m?ym)

where z; € X and y; = ¢(x;) € {0,1}. A concept ¢ is consistent if ¢/(x;) = y; for all 1.
A learning algorithm in the consistency model is one that, given the labeled examples
above, either

(a) outputs a concept ¢ € C consistent with the examples, or
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(b) decides that no such concept exists.

The concept class C is learnable in the consistency model if there is a learning algorithm
in the consistency model for it.

Of course we are only interested in efficient learning algorithms. The concept class
C is typically extremely large or even infinite, so directly inspecting all concepts in C
is too slow.

It is obviously desirable to be able to identify a concept ¢ € C that agrees with all
the labeled input data. However, the consistency model does not ask ¢ to agree the
true concept ¢ beyond the labeled data. This can lead to some undesirable behavior,
such as overfitting, as in the following examples.

Example: disjunctions. Recall that a boolean formula f(zq,...,z,) is a disjunc-
tion if it is the disjunction (V) of x;’s and Z;’s. Let X = {0,1}", and let C be the
class of disjunctions over n-variables. That is, each ¢ € C corresponds to a disjunction
felwy, .o my) =2y V@, V-V a;,, where ¢(x) = 1 iff f.(z) = true.

Given a set of labeled points {(z;,%;)} in RY, we can define a disjunction
f(x1,...,z) =25, V- Vax,; where we include:

(a) Variable z; iff ; ; = 1 for all samples z; with y; = 1.
(b) Negated variable z; iff x; ; = 0 for all samples z; with y; = 0.

Observe that f will correctly label all of the data in the sample, and the algorithm
to construct f is efficient. Thus this concept class is efficiently learnable in the
consistency model.

In general, if f*(z1,...,x,) is the disjunction defining the true concept ¢*, then
the function f we construct is a “superset” of f* in terms of the symbols x; and z;
it contains. Therefore if f is much larger than f*, then it will overfit the training
sample and generally label many more x’s as true than f*.

Example: rectangles. Let X = [0,1]?, and let C be the set of concepts defined by
rectangles in [0, 1]2. That is, each ¢ € C is associated with a rectangle R, = [a, b] X [, d],
and c(z) = 1iff z € R,.

Given a set of labeled points {(z;,y;)}, it is easy to identify the smallest rectangle
R; containing all (and only) the z;’s labeled y; = 1. Likewise one can identify the
largest rectangle Ry containing the same z;’s. So by outputting either Ry or Ry (or
anything in between), (X, C) is efficiently learnable in the consistency model.

All we know about the true concept is that it is induced by a rectangle R* such
that Ry C R* C R,. If the difference between R; and Rs is very big (particular when
the data is limited and/or not uniformly spread), then neither Ry nor Ry may be a
very good classifier on real data.
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13.2 The PAC learning model

The problem with the consistency model is that it does not incorporate generalization
beyond the given training examples. This weakness is address in our next model,
called the probably approximately correct (PAC) learning model and introduced in
[ ; J-

The PAC learning model is an extension of the consistent learning model. We
retain the same setup where X denotes the space of examples, {0, 1} the set of labels,
and C the concept class. The new ingredients are as follows. First, we assume that
the training examples are independently and identically distributed from a fixed (but
unknown) distribution D. Second, we define a second family of labeling functions,
H C 2% called the hypothesis class. (Possibly H = C.) Our algorithms output a
hypothesis h € H that, ideally, agrees as much as possible with the unknown concept
c. The classification error of a hypothesis h is measured by

exn(h) 2 P [h(x) # ofz)].

We now define a PAC learning algorithm for (C,D). Let €,0 € (0,1) be fixed
parameters. A PAC learning algorithm takes as input m = poly(1/¢,1/6) (labeled)
samples drawn from D, and produces a hypothesis h. The output hypothesis h is
randomized since it reflects a randomized training set; besides, the algorithm itself is
allowed to use additional randomization. To meet the criteria of PAC learning, the
hypothesis h must have classification error at most € with probability 1 — . This
requirement can be stated compactly as:

I;’[err(h) <¢€ = l;b’ PD[h(x) #c(x)] <e| >1—0. (13.1)
T
(13.1) is a mathematical expression of generalization. Unlike the consistency
model of learning, PAC learning does not require h to be particularly accurate on the
sample set. (13.1) is only concerned with h’s performance with respect to the entire
distribution D.

Example: rectangles. Recall the earlier example where the concepts are induced
by rectangles in [0, 1]2. There we observed that we have efficient consistent learning
algorithms by outputting either the smallest rectangle R; or largest rectangle Rs
containing all of the positively labeled examples. We also observed that the true
rectangle R* lied somewhere between R; and Rs, which is a weak guarantee if R; and
Ry differ greatly.

Suppose D drew points x € [0, 1]? uniformly from [0, 1]. As the number of samples
m grows large, we expect points that our closer and closer to each side of the boundary
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of R*, and R; and Ry should converge over time. One can show that this concept is
PAC learnable by directly calculating the generalization error for either the smallest or
largest enclosing rectangle. We will prove this later (perhaps with weaker constants)
when we more generally analyze concept classes based on their VC dimension.

13.3 Generalization for finite hypothesis classes

We first analyze the generalization error for a learning algorithm in the consistent
learning model, as a function of the number of hypotheses, |#|. In particular these
bounds only hold when H is finite. In the following theorem, we need m to be
proportional to In(|H]|) to guarantee low generalization error.

Theorem 13.1. Let €, € (0,1) and consider a training set of size m drawn from D.
If m > In(|H|/d) /e, then with probability at least 1 — 0, every consistent hypothesis
h € H has true error err(h) < e.

Proof. Call a hypothesis h € H good if err(h) < €, and bad if err(h) > €. It suffices to
show that with probability at least 1 — ¢, all bad hypotheses are inconsistent with the
training data.

Fix a bad hypothesis h. For each sample (x;,y;) ~ D, we have P[h(z;) = y;] < 1—e.
The probability that h agrees on all m independent samples (z1,y1), ..., (Tm, Ym) is

)
l—e)"<e ™ —.
Ho =T Sy

By the union bound, the probability that some bad hypothesis h is consistent is at
most

J
> P[h consistent] < |H|- —— <4,
h bad ]
as desired. O
Uniform convergence. For a training set S = {(z1,%1), ..., (Tm, Ym)} and hypoth-

esis h, let

err(h|S) = ;Hl s h(xi) # yit|

denote the empirical or training error rate of h with respect to S. Most learning
algorithms try to select h € H minimizing the training error err(h |.S), in the hopes
that it would minimize err(h) as well. Here we run two kinds from risk when the
empirical error err(h | S) deviates from the true error err(h).
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1. A very good hypothesis h with low err(h) may have err(h|S) much larger than
err(h), dissuading the algorithm from selecting h.

2. A very bad hypothesis i with high err(h) may have err(h|S) much smaller than
err(h), tempting the algorithm from selecting h.

Thus, for minimizing err(h|S) to be a good strategy for minimizing err(h), we need
err(h|S) to be close to err(h) for all the hypotheses h. This is given by the following
guarantee.

Theorem 13.2. Let €, € (0,1) and consider a training set S of size m. If m >
In(2|H|/8)/2€2, then with probability at least 1 — 4,

lerr(h) —err(h|S)| < e
forall h € H.

Proof sketch. We apply the additive Chernoff bound to each h € H, and take the
union bound. ]

Example: disjunctions Recall the concept class C of disjunctions over X = {0,1}".
Let H = C, and recall that we have a consistent learning algorithm for C. We have
|| = |C| = 3" since each disjunction f is defined by selecting, for each i € [n],
whether z;, Z;, or neither appears in f. By ??, for m = O((n +log(1/§))/€?), the
algorithm produces a hypotheses h with err(h) < e with probability at least 1 — 0.
That is, for fixed n, the class of disjunctions is PAC-learnable.

13.4 Occam’s razor

Occam’s razor refers the general principle that one should prefer simpler explanations.
It has been echoed by many thinkers in history; for example:

o Aristotle: “Nature operates in the shortest way possible.”
o William of Occam: “Plurality is never to be posited without necessity.”

o Isaac Newton: “We are to admit no more causes of natural things than such
as are both true and sufficient to explain their appearances. Therefore, to the
same natural effects we must, as far as possible, assign the same causes.”

o Bertrand Russell: “Whenever possible, substitute constructions out of known
entities for inferences to unknown entities.”
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o Albert Einstein: “Everything should be made as simple as possible, but not
simpler.”

e Richard Feynman: “The truth always turns out to be simpler than you thought.”
o The Big Aristotle: “If you don’t stick to simplicity, you’ll die a horrible death.”

For learning algorithms, one way to measure the complexity of a hypothesis class
H is via its descriptive bit complexity. Fix some system by which hypotheses h € H
are encoded in bit strings. For a hypothesis h € H, let |h| denote the number of bits
needed to describe h. The descriptive complexity of H is defined as the maximum
number of bits, |h|, need to describe any hypothesis h € H. The following gives
generalization bounds in terms of the bit complexity of H.

Corollary 13.3. Let H be a family of hypotheses of descriptive complexity b. Let
€,0 € (0,1) and consider a training set S of size m.

(i) If m > (bIn(2) + In(1/9)) /e, then with probability at least 1 — &, all consistent
hypotheses h € H have err(h) < e.

(i) If m > (bIn(2) +1n(2/0))/2¢?, then with probability at least 1 — 6, all hypotheses
h € H have |err(h|S) —err(h)| < e.

Proof. We have |H| < 2° because b bits can describe at most 2° hypothesis. O

Regularization by bit complexity. Corollary 13.3 says that hypothesis classes
of low bit complexity have better generalization error. Another way to express this
theme is to say that every hypothesis h € H has generalization error proportional to
its bit complexity, as follows.

Corollary 13.4. Let €,0 € (0,1) and consider a training set of size m drawn from D.
With probability at least 1 — &, we have

lerr(h) — err(h] S)| < O<\/|h| + 1n(1/5)/m)

for all h € H.

Proof. For i € N, let H; be the subset of hypothesis of bit complexity between 2¢~1
and 2°:

M= {her 2 < |n <27}
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Let §; = §/2°. By corollary 13.3, for each H;, we have

lerr(h) — err(h | §)| < O<\/ln(|7—li|) +1n(5) /m)
- O<\/1n(2i) T In(2i/6) /m>
= O(/(Jhl +1n(1/0))/m)

for all h € ‘H; with probability of error at most 9;. Taking the union bound over all 4,
the probability of error over all of H = J; H; is 3,0, =05, 1/2° = 0. O

13.5 Stronger generalization bounds via growth rate

Many learning algorithms select from a hypothesis class H that is geometrically fairly
simple. A recurring example has been a simple consistent learner for the concept
class of rectangles, which of course generalizes to higher dimensions. The perceptron
algorithm looks for a hyperplane that the data. This algorithm is particularly useful
when combined with techniques such as the kernel trick that first embed the data
into a higher-dimensional space where the labeled data becomes linearly separable.

Recall the previous chapter that the measure of simple geometric objects is
particularly well-concentrated under random sampling. Applying those techniques —
namely, e-nets and e-samples — to learning gives the following generalization bounds.

To extend the notion of a growth function to a hypotheses class ‘H, we interpret
‘H as a family of ranges corresponding to the positively labeled sets,

{h71(1): hen}.
Recall that the growth function g(n) of H is the maximum number of distinct subsets
that can be induced by H over a set of n points.

Theorem 13.5. Let ‘H be a family of hypotheses with growth function g(n). Let
€,0 € (0,1). Consider a data set of size m.

(i) If m > O(In(g(2m)/d)/¢€), then with probability at least 1 — 0, all consistent
hypotheses h € H have err(h) < e.

(77) If m > O(ln(g(2m)/5)/62>, then all h € H have |err(h|S) —err(h)| <e.

Proof. For each hypothesis h, let b (z) = 1 — h(z) denote the complementary hy-
pothesis. Increasing || and the growth function g(n) by at most a factor of 2 (why?),
we assume that that H contains the complement h of each hypothesis h € H.

210



13. PAC learning Kent Quanrud
13.5. Stronger generalization bounds via growth rate Fall 2022

Consider the (possibly infinite) point set
P=Xx{0,1} ={(x,y) : 2 € X,y € {0,1}}
We associate each hypothesis h € ‘H with the range
rn={(z,1—h(z))} C P.
The distribution D induces a measure pp,

rn)= P |[(z,y)er
o (Th) (z’y)wDK y) € 4

The measure of a range r;, equals the true error of h:

rn)= P |[(x,y)ery = P |h(zx =err(h).
polm) = P [ey) €l = P [hl) 4] = enh

Let Ry = {rp : h € H}. Let f(m) denote the growth rate of Ry. The key claim
is that

f(m) < ¢*(n). (13.2)

Assuming (13.2) is true, the theorem follows from the e-net and e-sample theorems
from chapter 12, as we now explain.

For item (i), call a hypotheses bad if err(h) > ¢; we want to show that for a
sample of the claimed size m, with probability at least 1 — §, every bad hypotheses
is inconsistent with the data. Here we observe that since err(h) = pup(ry), this is
equivalent to saying that the sample set is an e-net. The claim now follows from
theorem 12.3.

For item (ii), observe that err(h) = up(ry), and for a training set S, err(h|S) =
ps(ry). Thus item (ii) is equivalent to saying that S is an e-sample with probability
at least 1 — d. The sufficient bounds for m now follow from theorem 12.2.

It remains to prove (13.2). Fix a S set of m labeled points {(z1, 1), .-, (Tm, Ym)}-
Let S), = {z; : (z;,1) € S} denote the set of input points labeled 0 and let Sy = Sy x {0}
denote the corresponding labeled pairs. Likewise let S = {z;: (x;,1) € S} and
S1 =51 x {1} be the corresponding sets for label 1.

The total number of intersections induced by Rz on S, |Ry A S|, is bounded above
by

|[Ry NS| < |Ry N So| - |Ry N S1l,
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since any two intersections in |Ry A S| must differ on either Sy or S;. We claim that
both of the terms on the RHS are bounded above by g(m), which proves the claim.
Consider |Ry A Sp|. For any h € H, we have

A So = {(x,0) € S: h(x) =1} = (h7'(1) A S)) x {0}
That is,
|Ry A So| = [H A Sy < g(m).
Similarly, for |Ry A Si|, for each hypothesis h we have
A S = {(zi,1) € S h(x) =0} = (h (1) AS;) x {1},
Consequently
Ry A 1| = [H A Sy < g(m).
This completes the proof of the claim, hence the proof of the theorem. n

Example: rectangles. Consider the concept class C of rectangles in R%. We have
a consistent learning algorithm by outputting any rectangle that contains only the
positively labeled points of the training set.

Rectangles have constant VC-dimension, hence polynomial growth g(n) = nfW
(cf. Sauer’s lemma, theorem 12.5). So we need O(In(1/0)/€) to guarantee that with
probability at least 1 — ¢, the rectangle we output has true error at most €. That is,
rectangles are PAC-learnable.

More generally, any concept class with fixed VC-dimension and a consistent
learning algorithm is PAC-learnable.

13.6 Additional notes and materials

These notes are based on the first 10 lectures of | ] and sections 5.1-5.7 of
[ |. We refer the interested reader to | | for additional background on these
and other topics in theoretical machine learning.

13.7 Exercises
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